128 Yamakawa, Fujii

generating functions times ¢¢

BA®; Yoy, YD) =

(=]
& B & ¥ 1Bol; v [ Bl ys) — 11/(ys = D
= i > 1 (A10)

Macromolecules
where
1 1+ 21 — @
Bary) = XL ML O] an

is the enumeration generating function of the number of
paths of length n for an unvulcanized primary chain.
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ABSTRACT: The intrinsic viscosity of stiff chains without excluded volume is evaluated by an application of the
Oseen-Burgers procedure of hydrodynamics to wormlike cylinder models in the same spirit as that of the Yamak-
awa-Fujii theory of the translational friction coefficient. The molecular parameters involved are only the chain
contour length L, the Kuhn segment length A-1, and the molecular diameter d. The final results are obtained
only numerically by the use of a digital computer, but the semiempirical analytical expressions, which are very
accurate, are presented for practical use. A method of determining a shift factor defined by M, = M/L with M
the molecular weight is proposed, based on an analysis of intrinsic viscosities in conjunction with sedimentation
coefficients. It is applied to DNA, poly(n-butyl isocyanate), and cellulose nitrate. It is concluded that the values
of My determined for the latter two polymers are close to those corresponding to the all-trans conformation.

Analysis of the conformational and transport properties
of stiff chain macromolecules has often been made on the
basis of a continuous wormlike-chain model.? In doing
this, however, a difficulty arises from the fact that the
model chain is characterized by the contour length L and
the Kuhn statistical segment length A-1, or the persis-
tence length (2A\)-1, while the relationship between L and
the molecular weight M is not generally known except for
molecules having rigid local conformations such as DNA
and ladder polymers. We may define a shift factor M, or f
as the proportionality constant between L and M or the
number n of bonds in the spine of the chain by2.3

M=M0L (1)
n = fLA (2)

In the case of flexible chains, values of the mean-square
radius (S2) are determined as a function of M if the char-
acteristic ratiot is determined, whereas in the application
of the wormlike-chain model to stiff chains, values of (S2)
as a function of M cannot be predicted unless proper
values are assigned to both M; and A.> In many cases,
once the value of M, has been given, the determination of
X is not difficult.

For short broken chains of polymethylene, poly(oxym-
ethylene), and the like (with a few exceptions), Maeda,
Saito, and Stockmayer3:6 have concluded that the best
shift factor f may be obtained by taking L as the length of
the chain fully extended to the all-trans conformation,
based on a comparison of the second and fourth moments
of the end-to-end distance of the broken and wormlike
chains. However, there has not yet been established a
method of determining the shift factor M, from experi-
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New York, N. Y., 1969.

(5) L.J. Fetters and H. Yu, Macromolecules, 4, 385 (1971).

(6) W. H. Stockmayer, private communication.

ment. Thus, in the present paper, we propose a method
for doing this, based on an analysis of intrinsic viscosities
in conjunction with sedimentation coefficients. For this
purpose, we first develop a theory of the intrinsic viscosity
of wormlike chains in the same spirit as in the previous
paper on the translational friction coefficient.?

The theory is developed by an application of the Oseen-
Burgers procedures-? of hydrodynamics to the wormlike
cylinder model, and its formulation is given in section I.
The discussion of this procedure in comparison with the
Kirkwood procedurel®.11 and also the related references
are given in detail in the previous paper,7 and not repeat-
ed herein. However, we emphasize that our theories of the
intrinsic viscosity and the sedimentation coefficient are
consistent to be combined. Although such a consistent
pair of theories for the two transport properties has also
been presented by Ullman,22 his theory is based on the
wormlike-bead model with the use of the Kirkwood proce-
dure, followed by the limiting process, and involves one
more parameter than ours. In section II, numerical solu-
tions of the derived integral equation, which cannot be
solved analytically, are given, and in section III, the re-
sults are used to analyze the viscosity data for DNA. In
section IV, we propose a method of determining M, and
apply it to DNA and several other stiff macromolecules.

I. Formulation

For convenience, all lengths are measured in units of
the Kuhn segment length A-1, so that the unreduced con-

(7) H. Yamakawa and M. Fujii, Macromolecules, 8, 407 (1973).

(8) C. W. Oseen, “Hydrodynamik,” Akademische Verlagsgesellschaft,
Leipzig, 1927.

(9) J. M. Burgers, “Second Report on Viscosity and Plasticity of the Am-
sterdam Academy of Sciences,” Nordemann, New York, N. Y., 1938,
Chapter 3.

(10) J. G. Kirkwood and J. Riseman, J. Chem. Phys., 16, 565 (1948).

(11) J. G. Kirkwood, Recl. Trav. Chim., 68, 649 (1949); J. Polym. Sci., 12,
1(1954).

(12) R.Ullman, J. Chem. Phys., 49, 5486 (1968); 53, 1734 (1970).
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tour length is L/A from now on. Consider a wormlike cyl-
inder of contour length L and diameter d in the unper-
turbed velocity field v© of solvent with viscosity coefficient

no
v0 = (xy,0,0) (3)

where the molecular center of mass is fixed at the origin
of the Cartesian coordinate system (ex, ey, e;), and « is
the velocity gradient.

Following the Oseen-Burgers procedure, we replace the
cylinder by a frictional force distribution f(s) per unit
length along the cylinder axis as a function of the contour
distance s from one end. Let r be the normal radius vector
from the contour point s on the axis to an arbitrary point
P which would be just located on the cylinder surface if
the cylinder were absent, so that

Irl = (1/2)d
r-u =0 (4)

with uo the unit vector tangential to the axis at the point
s, and let S(s) be the distance from the center of mass to
the point s. Then, the unperturbed velocity vo(P) of sol-
vent at the point Pis given by

vAP) = ree, [s) + r] (5)

and the molecule rotates around the z axis with the angu-
lar velocity w = —(1/2)xe., so that the velocity U(P) of
the point P on the cylinder surface is

UP) = (1/2%[S8(s) + r] X e. 6)
We therefore have
vi(P) — UP) = (1/2k(ee, + ee) [S(s) + r] (D

Now, if we consider the velocity perturbation due to the
force f(s), the velocity v(P) of solvent at the point P rela-
tive to the velocity U(P) for an instantaneous configura-
tion may be expressed as

v(P) = (1/2)kle,e, + ee)[S(s) + r] +
.
f T(-R + r)- f(H)dt (8)

where R is the distance between the contour points s and
¢, and T is the Oseen tensor
1

T(R) = Em[l + (RR/R2)] (9

with I the unit tensor. The Oseen-Burgers procedure re-
quires that values of w(P) averaged over a normal cross
section of the cylinder vanish for all values of s ranging
from O to L; that is

V(P =0 (10)

where ()(r, designates the average over r, assuming its
uniform distribution subject to the conditions given by eq
4. Since (r)r, = 0, we then have, from eq 8 and 10

1
f (T(—R + 1), f(t)dt = —1/2)k(e.e. + e.e,) S(s)
0
(1)
for an instantaneous configuration.
Next, we multiply both sides of eq 11 by eye,-S(s’) and

take the configurational average. In doing this, we preav-
erage the Oseen tensor as follows

(T(~R + r)) = (1/6mn,)(R — r~HI (12)
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where we have simply desighated the two averaging pro-
cesses by angular brackets. Equation 11 then becomes

fl'<\R — ) - e JS(s) e Dt = ~mnoK(S(s) - S(s))
(13)
If we define a function ¢(s,s") by
noke(s,s’) = —{f(s)- e JS(s") e, (14)

eq 13 becomes
L
f (R — | ™e(t,s)dt = m(S(s)- Xs') (15)

The intrinsic viscosity [n] (reduced with A3) may then be
written in the form

(n]

(N M) [ Ths) e 85) - e, )

L
(NA/M)j; (s,8)ds (16)

with N, the Avogadro number.
If we choose the mean reciprocal distance as the kernel

{R = 1™ = K(s,t) (17

as before, eq 15 is an integral equation for ¢. The average
on the right-hand side may be evaluated from

IA
(S(s) () = <1/2L)[ f (Ri(s.¢)ds +

L
[ <Rz<s,s'>>ds'] — (1/2KR¥s,8) — (S) (18)
4]

with R(s,s’) the distance between the contour points s and
s’, and S the radius of gyration, The result is
(S(s) - &(s)) = (1/2L)(s? + s?) —
1/2)(s + &) — 1/2is = &1 ~ (1/4)e 2" =
(1/8L)e 2 + e + el 4 g#ls] 4
(1/3)L + (1/4L) + (1/8L3)(1 — ) (19)

It is convenient to change variables as follows

x=1(2s/L) — 1
y=1(2¢/L) — 1
E=(2t/L)y — 1
(1/2)p(s,8") = Y(x,y) (20)

Then the intrinsic viscosity may be rewritten in the form

1
) = (NAL/ M) f 9t @)

and the integral equation becomes

1
fK(x,w(z,y)dg = g(x,y) (22)
~1

where
glx,y) = (r/8LY[LAx* + y*) — 2L4x — ¥ —
9¢ "(cosh Lx + cosh Ly) — 2Le M +
(2/HL* + 2 + (1/LY1 — e2l)] (23)

We adopt the same approximate expression for K as be-
fore?
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6 \/? 1
K(x,y) = (r—t) [1 ~ 20:d + 5d?%) =
-1/2
=(t2 + Zdz) QA+ fit + f2+ fatd)
fort < ¢ (2A4)
where
Lx — y=2
o = 2278 (25)

and the coefficients f; as functions of d are given by eq 38
of ref 7.

The integral eq 22 is of the first kind as is the corre-
sponding integral equation for the friction coefficient;? it
does not contain the exceptional part y(x,y). As previous-
ly discussed in detail,”23 this is the consequence of the
application of the Oseen-Burgers procedure to the contin-
uous model, while for discrete bead models, both the
Kirkwood and Oseen-Burgers procedures yield the inte-
gral equation of the second kind having the exceptional
part.

Coil Limit. If we let L and ¢ approach infinity in g and
K, respectively, we have

lim g(x,y) = g¥x,y) = g[ﬁ + y2 = 2x — y + %:I
L= %)
lim Kxy) = Ke) = 7 erf(gt—gz)l/z @)
where
erf(x) = #fx exp(—t%)dt (28)
0

The K* is identical with the K, in the previous paper.?
We designate the leading term of K or K* for t — = by
K., in the present paper,

K. (x,y) = (6/mt)!? (29)

The coil limit [n]* of the intrinsic viscosity may then be
obtained by the use of g* and K*, and the limiting value
(7], defined by

lim [n]* = (7). (30)

is equal to the Kirkwood-Riseman value for flexible
chains in the nondraining limit.2° [5]* and [n]_ corre-
spond to Z* and Z.. in the previous paper, respectively.

Rod Limit. In the limit L, d, t — 0, we have

lim g(x,y) = g%x,y) = (wL/4)xy (31)
L—0
lim K(x,y) = KO(x,y) = (& + (1/4)d?)12  (32)

dit—=0

The K© is identical with the Ko in the previous paper.
We define [#]®’ and [n]o by

lim [n]= [} (33)
d,L—-0
(const L/d)

lim [9]® = [n) (39)
Lid—==

The rod limit [7]© of the intrinsic viscosity may be ob-

(13) H. Fujita, J. Polym. Sci., Part A-2, 11, 899 (1973).
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tained by the use of g1 and K®. and the limiting value
[n]o corresponds to Z in the previous paper.

II. Solutions

The analytical solutions may be obtained only for [n]_
and [n]o. The solution for the former has already been
found by Auer and Gardner.l4 Now, it is convenient to
write
' [n] = ®L¥*/ M (35)

where & is a function of L and d. The Auer-Gardner value
for ¢, corresponding to [7]_ is 2.862 X 1023. We note
that Ullman’s value 0.875 for his function G(«) leads to
&, = 2.82 x 1023, which is incorrect since it is based
on the erroneous equation T, = (11/8)(N32/vZ2r) =
0.28433 of Auer and Gardner.15 As in the case of [n]_,
the solution for [n]o may easily be found by a polynomial
expansion method, as shown in the Appendix. The result
is

TN,L? 1
24M In (L/d) + 2 In 2 = (7/3)

[n= (36)
If we avoid preaveraging the Oseen tensor, the numerical
factor 1/24 of eq 36 is replaced by 2/45,16:17 and the num-
bers in the second fraction would also be altered.

Numerical Solutions. In order to obtain the intermedi-
ate solution between [], and [n]o, the integral eq 22 has
been solved numerically following the procedure of Ull-
man.22 The integrals in eq 21 and 22 have been evaluated
using n-point Gaussian quadratures with n = 40, 64, 80,
and 96 on a FACOM 230-60 digital computer at this Uni-
versity. The values of [5] or & have been established by
extrapolation of the obtained values of the integral in eq
21 to n-! = 0. In particular, the value of &, thus ob-
tained by the use of g* and K, is 2.870 x 1023, and is
very close to the exact value cited above. In general, the
error of extrapolation 1s small for large L and small d;
e.g., 0.0% for L = 100 and d = 0.25; 1.6% for L = 100 and
d =04; 05% for L = 10 and d = 0.1; and 3.0% for L = 10
and d = 0.25. In some cases of large error, the solution has
been established in such a way that the extrapolation to
n-1 = 0 coincides with that of the solutions from smaller
d. Therefore, the solutions for L1/2/d 5 30 may not be re-
garded as very accurate.

The values of ® thus obtained for various values of L
and d are given in Table I for L = ¢ and in Table II for L
< ¢. The values of * as a function of L1/2/d obtained by
the use of g* and K* are given in Table III, and the values
of [7]©/[n]o as a function of L/d obtained by the use of
g% and K9, in Table IV, where [n]o is given by eq 36. No
data are given in the region where the error is very large;
for instance, for L < ¢ and d > 0.1. However, the data in
this region are of no practical use; when L < ¢, d must be
very small. Further, the value of d greater than ca. 1.0
will not be realized for real macromolecules.

Approximate Expressions. We can derive semiempiri-
cal approximate analytical expressions for [n] by a theo-
retical insight with the use of the numerical solutions.

For L = o, the dependence of [r] on L may well be ex-
pressed in the form

CILL““ 1

(n] = M 4
1-YcL

i=1

forL = ¢ (37)

(14) P.L. Auer and C. S. Gardner, J. Chem. Phys., 23, 1546 (1955).

(15) The second of eq 7 of ref 14, T4 = (11/8)(N12/+/Zx) = 0.300, is incor-
rect and should be replaced by T = (11/8)(N1/+/Zx) = 0.29664.

(16) J. G. Kirkwood and P. L. Auer, J. Chem. Phys., 19, 281 (1951).

(17) R.Ullman, J. Chem. Phys., 40, 2422 (1964).
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Table 111 Table IV

Values of &* X 1072 as a Function of L'/2/d Values of [7]®/[n], as a Function of L/d
L':/d &% X 10-% LY:/d @* X 10~ L/d [71®/ 2] L/d (1®/ 1]
20 3.704 200 2.9430 102 1.0646 2 X 10¢ 1.0183
30 3.408 400 2.9057 2 X 10?2 1.0529 5 X 104 1.0160
40 3.229 1000 2.8839 5 X 102 1.0380 10° 1.0149
62 3.125 2000 2.8768 103 1.0327 2 X 10¢ 1.0134
100 3.0216 2 X 103 1.0282 5 X 108 1.0121
5 X 103 1.0237 10¢ 1.0112

104 1.0207

with &, = 2.870 x 1023. The coefficients C; are indepen-
dent of L but dependent on d, and may be determined as
functions of d from the numerical solutions by the method
of least squares. The results are

C, = 3.230981 - 143.7458d — 1906.263d> +
(2.463404 - 1422.067d%) In d

C, = —22.46149 + 1347.079d + 19387.400d° +
(—5.318869 + 13868.57d?) In d
C, = 54.81690 - 3235.401d - 49357.06d° +

(15.41744 — 34447.63d% In d

~-32.91952 + 2306.793d + 36732.64d* +
(-8.516339 + 25198.11d%) In d for d < 0.1 (38)

Cq

and

C, = 0.120367 + 0.220714d + 4.36037d% — 6.99899d° +
7.94714d* + (2.16769 — 12.5326d° — 0.293796d%) In d

C, = 1.30917 + 129.550d + 96.9912d*> - 435.952d° +
126.457d* ~ (3.92040 — 413.189d? - 4.94474d%) In d

C, =161.109 — 4926.443d - 4398.88d° + 78765.85d° —
29296.43d* + (40.1861 — 31548.53d*> - 38.3938d%) In d

C, = —582.038 + 16873.42d + 159994.7d° -
273427.7d% + 85028.34d* - (102.876 - 113150.7d% —
88.8684d") Ind  for 0.1 <d < 1.0 (39)

For L < o, [n] may well be approximated by
(L)
4
1+ > Alln d/L)]

1=1

AN
] = 53 n (L7d)

for L < o (40)
where
f(L) = (3/2L%)e? — 1 + 2L — 2L* + (4/3)L%) (41)

and A; are constants independent of L and d. The values
of A; determined for d < 0.1 from the numerical solutions
by the method of least squares are

A, = 1.839459
A, = 8240617
A, = 32.86282
A, = 4110448 (42)

The error in the value of [5] calculated from eq 37 and 40
(compared with the numerical solution) does not exceed
1.5% for d < 0.1 and 2% for 0.1 < d < 1.0 as far as LY/2/d
< 30.

The values of [5]/[n], = ®/$. are plotted against the
logarithm of L*/2/d for various values of d in Figure 1. The
numbers attached to the curves indicate the values of d,
and the broken curve represents the coil limiting values

[71*/[n]. . The dotted curves for d = 0.4 and L¥/2/d < 30
indicate that the numerical solutions scatter there slight-
ly. It is important to note that the ratio [n]*/[n], de-
creases with increasing L, while the corresponding ratio
predicted by the Kirkwood-Riseman theoryl® increases
with L. The behavior of [n]*/[]_is analogous to that of
the Kirkwood-Riseman theory result modified by Yama-
kawal8 for flexible touched-bead models, and also of the
Zimm theory!?® modified similarly by Osaki.2® The values
of [n]/{n}o are plotted against the logarithm of L/d for var-
ious values of d in Figure 2. The numbers attached to the
curves indicate the values of d; the case of d = 0 corre-
sponds to the rod limit []'?? /[n]o.

The values of M [y]/A®, are plotted against L/2 in
Figure 3, and the double-logarithmic plots of M. [9]/A®,,
against L are shown in Figure 4. The numbers attached to
the curves indicate the values of d. Figure 3 corresponds
to experimental plots of [#] against M1/2, and the curves
are seen to be concave upward or linear (not concave
downward) for typical stiff chains. Figure 4 corresponds to
experimental double-logarithmic plots of [n] against M,
and the curves are seen to be concave downward or linear.

ITI. Applicationto DNA

In the previous paper,” we have applied our theory of
the sedimentation coefficient s to DNA to estimate its A-1
and d. Now, we attempt to make a similar analysis of the
intrinsic viscosity data for DNA, In what follows, it is
convenient to use the unreduced intrinsic viscosity, which
may be written as

[7] = &L/ NM (43)
with L the reduced contour length
L=AM/M, (44)

It is known that M, = 195 daltons/A for DNA.

Figure 5 shows double-logarithmic plots of [5] + 5.0 (in
dl/g) against M, following Hays, Magar, and Zimm.2! It
includes not only the data22-25 displayed in the figure of
ref 21 but also the very recent data of Massa (highest
point).26 The curve of the figure represents the theoretical
values for A-1 = 1100 A and d = 24 A, and is a best fit to
the data. It is interesting to observe that the deviation of
the curve from linearity is not negligible in the range dis-
played. The present estimates of A~ and d are to be com-
pared with the previous estimates, A-1 = 1300 A and d =
25 A, obtained from the sedimentation coefficients.” More
definite estimates may be obtained from a combination of

(18) H. Yamakawa, J. Chem. Phys., 53, 436 (1970).

(19) B.H. Zimm, J. Chem. Phys., 24, 269 (1956).

(20) K. Osaki, Macromolecules, 5, 141 (1972).

(21) J. B. Hays, M. E. Magar, and B. H. Zimm, Biopolymers, 8, 531
(1969).

(22) Y. Kawade and I. Watanabe, Biochim. Biophys. Acta, 19, 513 (1956).

(23) K.Isoandl. Watanabe, Nippon Kagaku Zasshi, 78, 1268 (1957).

(24) P. Doty, B. McGill, and S. Rice, Proc. Nat. Acad. Sci. U. S., 44, 432
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Figure 1. The ratio [n)/[n). = ®/®&. plotted against the loga-
rithm of L1/2/d. The numbers attached to the curves indicate the
values of d. The broken curve represents the coil limiting values

[n)*/[n] -

the intrinsic viscosity and sedimentation coefficient data,
as seen in section IV.

IV. Treatments of Data in Conjunction with s

In the case of DNA, M. is known, and therefore we
have been able to estimate A-1 and d either from the data
for [n)] alone or from the data for s alone. Now, we consid-
er the problem of determining M., A-1, and d for the case
in which M; is unknown. The unreduced intrinsic viscosi-
ty [#] (in dl/g) and the unreduced sedimentation coeffi-
cient s (in Svedbergs) may be written in the form

log ([pIM12) = =y — TW(L,d) (45)

log [C(l - l—JlJ)BS,ngfz:l = —y — I(Ld) (46)
My

where

C = 98262 X 10" (47)
v =(3/2) log (AM,) — 214579 (48)

and © is the partial specific volume of the polymer, p is
the density of the solvent, and 7 is expressed in Poises.
The functions I'y and T2 of the reduced lengths L and d
are defined by 27

I'(L,d) = log (®_/®) (49)
I'(L,d) = 3 log (3mnL'?/A,E) (50)

where A1 = 1.843 and E is the reduced translational fric-
tion coefficient.?

Equation 45 suggests that a curve of —T; plotted
against log L for a proper d may be displaced by &

0 =log (M,/N) (51)

in the abscissa direction and by 4 in the ordinate direc-
tion to fit experimental plots of the quantity on the left of
eq 45 against log M on the same scale. Similarly, a curve
of —T'2 plotted against log L for a proper d may be dis-
placed by 4 in the abscissa direction and by v in the ordi-
nate direction to fit experimental plots of the quantity on
the left of eq 46 against log M on the same scale. Thus, d,
5, and v may be determined in such a way that for the
same d, the displacement (8,y) of I'; coincides with the
displacement (5,v) of I'>. We may then estimate M, and A

(27) The detailed numerical tables of 'y and Ty are available from H.
Yamakawa on request, The leading term A;L~12 on the right of eq 49
of ref 7 should be replaced by A;L1/2,
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Figure 2. The ratio [n]/[n]o plotted against the logarithm of L/d.

The numbers attached to the curves indicate the values of d.
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Figure 3. M.[5]/A®. plotted against L2, The numbers at-
tached to the curves indicate the values of d.
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Figure 4. Double-logarithmic plots of M.[#]/A®* against L. The
numbers attached to the curves indicate the values of d.

from eq 48 and 51, and also the unreduced d. Such plots
for DNA are shown in Figure 6, where the data for [5] are
the same as those in Figure 5, and the data for s are those
of the same workers22-25 and also taken from the table of
Schmid, Rinehart, and Hearst.28 The curves of Figure 6
are those of —T'; and —T'; with d = 0.022, 6§ = 5.34, and ¥
= 1.40. The values of the molecular parameters thus esti-

(28) C. W. Schmid, F. P. Rinehart, and J. E. Hearst, Biopolymers, 10, 883
(1971).
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Table V
Values of the Molecular Parameters of Stiff Chains
Estimated by the Proposed Method

ML AL d

Polymer Solvent  (Daltons/A) (A) (A)
DNA-= 0.2 M NaCl 195 1130 25
Poly (n-butyl

isocyanate)® CCl, (20°) 44 .2 750 6.0

Cellulose nitratec  Acetone (20°) 52.4 330 4.0

s See ref 22-25, 26, and 28. ® See ref 29. ¢ See ref 30.

Table VI
Crystallographic Data for Poly(n-butyl isocyanate)
and Cellulose Nitrate

Confor- h M, (Dal- .
Polymer mation (A) tons/A) d (A)
Poly (n-buty! iso-
cyanate) Trans 2.27+ 43.6 5.8-7.0
Cis 1.95= 50.7 1.8-13.9
Helical 1.94* 51.0 13.0
Cellulose nitrate Trans 5.17¢ 56.1 2.7-8.6

o See ref 31. * See ref 32. ¢ See ref 33.

mated are given in Table V. The value of M; thus deter-
mined is seen to be in excellent agreement with the
known value 195.

Figures 7 and 8 show similar analyses of the data ob-
tained by Tsvetkov et al.2® for poly(n-butyl isocyanate) in
CCly at 20° and of the data obtained by Meyerhoff3? for
cellulose nitrate in acetone at 20°, respectively, ignoring
the excluded volume effect. The curves of Figure 7 are
those of ~T'; and =T with d = 0.008, 6 = 4.52, and v =
0.70, and the curves of Figure 8 with d = 0.012, § = 4.24,
and vy = 1.34. The values of M, A~1, and d determined
from these displacements are also given in Table V. Now
it is interesting to compare these values of M and d with
those calculated from the crystallographic data. In Table
VI are summarized the crystallographic data for the trans,
cis, and helical (8 units in 3 turns) conformations of
poly(n-butyl isocyanate)31.32 and for the trans conforma-
tion of cellulose nitrate.33 The values of the monomeric
projection h on the chain axis are given in the third col-
umn, and the corresponding values of M, in the fourth
column. There is some ambiguity in the values of the di-
ameter d calculated from the crystallographic data,32.33
since the molecular cross section is not a complete circle.
From a comparison of Tables V and VI, it is seen that the
value of M, determined by the present method is close to
that corresponding to the all-trans conformation. It is in-
teresting to note that this is consistent with the conclu-
sion derived by Maeda et al.3 from a comparison of the
broken and wormlike chains. In the case of poly(n-butyl
isocyanate), our conclusion does not necessarily mean that
the cis and helical conformations are not actually existent
in solution at all; the situation is similar to that for the
broken chain.3 However, we cannot conclude that the
chain of this polymer takes the all-helical conformation in
CCly, considering the difference between the values of
M, 44.2 and 51.0, in Tables V and VI. Further, our esti-
mates of A-1 for this polymer seems reasonable compared

(29) V. N. Tsvetkov, I. N. Shtennikova, E. I. Rjumtsev, and Yu. P, Get-
manchuk, Eur. Polym. J., 7, 767 (1971).

(30) G.Meyerhoff, J. Polym. Sci., 29, 399 (1958).

(31) N. 8. Schneider, S. Furusaki, and R. W. Lenz, J. Polym. Sci., Part A,
3, 933 (1965).

(32) U. Shmueli, W. Traub, and K. Rosenheck, J. Polym. Sci., Part A-2, 7,
515 (1969).

(33) D. W. Jones, J. Polym. Sci., 32, 371 (1958).
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Figure 5. Double-logarithmic plots of [4] + 5.0 against M; (@)
data of Kawade and Watanabe?? and Iso and Watanabe;23 (O)
data of Doty, McGill, and Rice;2* (+4) data of Crothers and
Zimm;?% (@) data of Massa.28 The curve represents the theoreti-
cal values calculated with A-* = 1100 A and d = 24 A.
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Figure 6. Analysis of the data for [) and s of DNAZ22-25,26.28 g¢-

cording to eq 45 and 46. The curves with d = 0.022 are displaced
by 6 = 5.34 and y = 1.40.

with that for DNA; the earlier estimates5.29 are much
greater than ours.

Although we have also made similar analyses of the
data obtained by Burchardd4 for poly(n-butyl isocyanate)
in tetrahydrofuran at 20° and of the data obtained by
Tsvetkov et al.35:36 for three kinds of ladder polymers, we
have not been able to select a pair of the curves I’y and T'2
which in each case fit the data for the same d. In other
words, these samples may not be represented by the
wormlike chain in the sense that the data or [5] and s
cannot be explained theoretically at the same time.

The present method requires some comments. Fortu-
nately, values of M; and A~! determined from the dis-
placements of the curves I'; and I'z are rather insensitive
to the way of selection of a pair of I'; and Ty, i.e., to the
change in d. Therefore, the present method leads to rather
accurate estimates of My and A~1, while the estimate of d
is less accurate. Of course, the accuracy of these estimates
depends on that of given data. Further, it is clear that the
present method breaks down when one or both of the

(34) V. W.Burchard, Makromol. Chem., 67, 182 (1963).

(35) V. N. Tsvetkov, K. A. Andrianov, G. I. Okhrimenko, and M. G. Vi-
tovskaya, Eur. Polym. J., 7, 1215 (1971).

(36) V. N. Tsvetkov, K. A. Andrianov, M. G. Vitovskaya, N. N, Makarova,
S. V. Bushin, E. N. Zakharova, A. A. Gorbunov, and P. N. Lavrenko,
Vysokomol. Scedin., Ser. A, 15, 872 (1973).
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Figure 7. Analysis of the data for [3] and s of poly(n-butyl isocy-
anate) in carbon tetrachloride at 20°29 according to eq 45 and 46.
The curves with d = 0.008 are displaced by § = 452 and v =
0.70.

quantities on the left-hand sides of eq 456 and 46 are inde-
pendent of M. It will be useful in the determination of M,
for typical stiff-chain macromolecules, and also in the
judgement of whether a given sample may or may not be
represented by the wormlike chain.

In conclusion, it must be emphasized that within the
framework of classical hydrodynamics the transport prop-
erties of a continuous body should be expressed in terms
of only dimensional parameters and 7. This is the case in
our theory, while Ullman’s theory includes an additional
parameter (friction constant per unit contour length) be-
cause of its improper limiting process. Therefore, the ap-
plication of the latter makes it difficult to analyze experi-
mental data, especially to determine the shift factor.
Hearst, Beals, and Harris3? have also evaluated the in-
trinsic viscosity for wormlike touched-bead models with
and without excluded volume. As argued earlier, cylinder
models and touched-bead models must lead to equivalent
results. In fact, the theory of Hearst et al. includes no ad-
ditional parameter, and its numerical results without ex-
cluded volume are similar to ours. However, they have not
obtained complete numerical results, and it is of little
practical use,
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Appendix

We derive the solution for [n]o in the long-rod limit. We
start from the integral eq 22 with g = g% and K = K9,
where g0’ and K@ are given by eq 31 and 32, respective-
ly. To solve this integral equation, we expand the solution
¥{(x,y) in terms of the Legendre polynomials P;(x),

Ylxy) = D b(y)P(x) (A1)
1=0
so that the integral equation becomes
x 1
b [ Ko oP (0 = g2y (A2)
i=0 -1

(37) 4. E. Hearst, E. Beals, and R. A. Harris, J. Chem. Phys., 48, 5371
(1968).
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Figure 8. Analysis of the data for [y] and s of cellulose nitrate in
acetone at 20° according to eq 45 and 46. The curves with d =
0.012 are displaced by § = 4.24 and v = 1.34.

We multiply both sides by Py (x) and integrate to obtain

Sabi) = ay) (k=012 (A3)
1=0

where

ay =a; = f f KO, IPA0P(E)ARdE  (Ad)
-1v-1

1
ey = [ gotxy)Pixd (A5)
The solution of the linear simultaneous eq A3 is
biy) = S y)AAH (A6)

k=0

where A is the determinant whose elements are ag;, and
A*! is the cofactor of ag;. From eq 21, Al, and A6, the rod
limit [¢]‘® of the intrinsic viscosity is then found to be

N L& &
1] = 572 A Aley, (A7)
=0 =0
where
1
Cri = f c(x)Pr(x)dx
-1
= (wL /9001 (A8)

with é,; the Kronecker delta. Therefore, eq A7 reduces to
[n] = (w N, L/OMX AN/ A) (A9)

We now let L/d approach infinity, and retain only the
leading term of the expansion of A11/A  ie, a11~1, where

8
4y = ﬁ[m (L/d) + 21In 2 — & + O(L/d)J (A10)

[VSTE |

It can be shown that the neglected terms of the expansion
of A11/A are of the order of magnitude smaller than the
retained terms of gy1-!. Thus, from eq A9 and A10, we
obtain eq 36.



